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Abstract
We study a many-body system of interacting spin-1 particles in the context of homogeneous
gases of ultracold atoms. In general, its description requires eight parameters among which there
are three components of magnetization and five parameters associated with quadrupole degrees of
freedom. Based on the symmetry considerations, we construct a many-body interaction Hamilto-
nian that includes eight generators of the SU(3) group related to the above description parameters.
The SU(3) symmetric Hamiltonian is applied to study the ferromagnetic and quadrupolar phases
of a homogeneous weakly interacting gas of spin-1 atoms with Bose-Einstein condensate. It is
shown how the quadrupole degrees of freedom entering the Hamiltonian modify the ground state
and single-particle excitation spectra in comparison with those obtained from the Hamiltonian
bilinear in spin operators and not including quadrupole degrees of freedom. We discuss the issue of
taking into account the local character of interaction to obtain the correct spectra of single-particle
excitations.
Keywords: high spin magnets; Ultracold gases, Bose-Einstein condensate; Ferromagnetic and
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I. INTRODUCTION
The magnetic properties of spin-1/2 crystalline systems are well understood and presented
in the literature [1, 2]. If one ignores the relativistic effects associated with the interaction
of the electron magnetic moments, then the description is based on the Heisenberg model
Hamiltonian and depending on the sign of the exchange integral, the system exhibits the
ferromagnetic or antiferromagnetic ordering. This Hamiltonian is expressed in terms of the
Pauli matrices representing the generators of the SU(2) group. It takes into account purely
quantum (exchange) effects originating from the Fermi-Dirac statistics for electrons.
The interaction in high-spin (S > 1/2) crystalline systems has a more complicated char-
acter that goes beyond the usual Heisenberg model and their phase diagram exhibits a more
rich structure [3]. In particular, for spin-1 systems with bilinear and biquadratic exchange
interactions, the exotic orderings, such as nematic [3–6] and semi-ordered [6] phases, may
exist along with the traditional ferromagnetic and antiferromagnetic phases. Moreover, the
non-Heisenberg structure of the spin-spin interaction affects even the traditional phases. In
recent years, there have been intensive studies of unconventional orderings in magnets with
S > 1 [7–14].
Nowadays, the interest in high-spin systems is attracted by the studies of ultracold atomic
gases providing remarkable opportunities to examine and model various effects and phenom-
ena in quantum many-body systems in a well-controlled manner. In particular, quantum
gases loaded in an optical lattice represent an artificial but effective simulator of magnetic
phenomena in crystalline systems [15–18]. The first theoretical investigations of magnetic
phases and corresponding excitations in dilute homogeneous (or trapped) Bose gases with
condensate [19–21] were stimulated by experiments on optical trapping a condensate of 23Na
spin-1 atoms [22]. Comprehensive reviews of the so-called spinor Bose gases, including those
of spin-2 and spin-3 atoms, were presented in Refs. [23–25]. In most of these studies, the in-
teraction between the internal degrees of freedom was parametrized by the scattering length
and the corresponding Hamiltonian was considered as a bilinear form in spin operators, like
in the usual Heisenberg model. However, as mentioned, such a form of interaction energy is
not sufficient to describe properly the magnetic properties of high-spin systems.
In this paper, proceeding solely from the symmetry considerations, we propose a general
recipe for obtaining the many-body Hamiltonian describing a system of interacting spin-S
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atoms. Such systems are characterized by (2S + 1)2 − 1 parameters among which there
are three components of magnetization vector and the rest can be treated as the multipole
degrees of freedom. These additional parameters are induced in a many-body system by the
spin of the structural constituents of matter and appear at the macroscopic level. As the
most intriguing case with a view to physics of ultracold Bose gases, we present a detailed
study of the many-body Hamiltonians describing the interaction effects in the system of
spin-1 atoms. Then we apply the SU(3) symmetric Hamiltonian with quadrupole degrees of
freedom to examine the ferromagnetic and quadrupolar phases of a weakly interacting Bose
gas with condensate in a magnetic field. It is shown that the quadrupole degrees of fredom
modify the ground state properties and single-particle excitation spectra of the system.
II. FORMULATION OF THE PROBLEM AND MANY-BODY INTERACTION
HAMILTONIAN OF INTERNAL DEGREES OF FREEDOM
Consider a many-body system of spin-S particles whose reduced description is performed
in terms of the single-particle density matrix fαβ(p) = Tr ̺a
†
pβapα, where ̺ can be either an
equilibrium or non-equilibrium statistical operator, a†
pα, apα are the creation and annihilation
operators with index α running 2S+1 values. Depending on the spin value, these operators
meet the following bosonic commutation (integer spin) or fermionic anticommutation (half-
integer spin) relations:
[apα, a
†
p′α′ ]B = δpp′δαα′ , [apα, ap′α′ ]B = 0, (1)
{apα, a†p′α′}F = δpp′δαα′ , {apα, ap′α′}F = 0. (2)
Since below we study a homogeneous interacting Bose gas, we use the momentum p to
specify the individual state of a particle. For the lattice models, one should consider a
lattice site index instead of p.
In the case of spin-1/2 system, the density matrix fαβ(p), being a square matrix of the
second order, can be written as a linear combination of the Pauli matrices σiαβ and unit
matrix I which form a basis for the vector space of 2 × 2 matrices. The scalar part of the
single-particle density matrix in such a decomposition defines the density of the system,
whereas its vectorial part specifies three components of the magnetization vector. The
latter quantity is induced by the atomic spin. The many-body Hamiltonian of two-particle
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interaction includes the so-called spin-spin interaction given by
V =
1
2V
∑
p1,...p4
I(p1 − p3)a†p1αa†p2βSiαγSiβδap3γap4δ δp1+p2,p3+p4 , Siαβ =
1
2
σiαβ , (3)
where a†
pα, apα satisfy the permutation relations given by Eqs. (2) and I(p1−p3) denotes the
Fourier transform of exchange interaction energy. Here and below, the summation over the
repeated indices related to internal symmetry is assumed. The above Hamiltonian commutes
with the spin operator of a many-body system,
Si =
∑
p
a†
pαS
i
αβapβ
and, consequently, the latter represents the conserved quantity or the integral of motion. It is
related to magnetization vector M i by M i = gµBS
i, where g is the Lande´ hyperfine g-factor
and µB = e~/2me is the Bohr magneton. Note that three components of an atomic spin
(microscopic characteristic) generate the same number of macroscopic parameters necessary
to describe a many-body system of spin-1/2 particles. The Hamiltonian given by Eq. (3)
can be applied to describe a gas of spin-1/2 atoms or interacting electron gas embedded in a
solid state system. Note that in the lattice models, the creation and annihilation operators
carry lattice site index instead of momentum p.
Now we address the description of a many-body system of spin-1 particles. In this case,
the single-particle density matrix, being a reduced description parameter, can be written as
a linear combination of the unit 3 × 3 matrix Iαβ and the Gell-Mann linearly independent
traceless Hermitian matrices λaαβ (see Appendix):
fαβ(p) = f
0(p)Iαβ + f
a(p)λaαβ, a = 1, . . . , 8. (4)
The scalar f 0(p) and vectorial fa(p) coefficients are given by
f 0 =
1
3
Tr f(p), fa(p) =
1
2
Tr f(p)λa. (5)
In contrast to spin-1/2 systems, we see that three components of spin are insufficient to
describe the many-body states of the system. Indeed, according to Eqs. (4), (5), the states
are specified by eight independent parameters determined by generators λa of the SU(3)
group.
To clarify the physical meaning of eight parameters associated with internal symmetry,
consider the realization of spin-1 operators in the vector (Cartesian) basis |x〉, |y〉, |z〉 instead
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of the usual canonical (irreducible) basis |S,m〉 with S = 1 and m = −1, 0, 1. These two
are related by (see e.g. [6]):
|x〉 =
√
1/2 (|1, 1〉+ |1,−1〉) , |y〉 = −i|1, 0〉, |z〉 = i
√
1/2 (|1, 1〉 − |1,−1〉) .
In the vector basis we have
〈i|k〉 = δik, Si|k〉 = iεikl|l〉, (6)
so that Si meet the usual commutation relations for spin operators,
[Si, Sk] = iεiklS
l.
From Eq. (6), one finds the matrix elements for the corresponding spin operators,
〈k|Si|l〉 ≡ (Si)kl = −iεikl,
whence
Sx =

 0 0 00 0 −i
0 i 0

 , Sy =

 0 0 i0 0 0
−i 0 0

 , Sz =

 0 −i 0i 0 0
0 0 0

 .
One can easily seen that Sx = λ7, Sy = −λ5, and Sz = λ2 (see Eqs. (A1)), so that subalgebra
of these matrices generates an SU(2) subgroup of SU(3) group. The remaining five Gell-
Mann matrices, due to their properties given by Eq. (A6), can be expressed in terms of the
quadratic combinations of spin operators:
λ1 = −{Sx, Sy}, λ3 = (Sy)2 − (Sx)2, λ4 = −{Sx, Sz},
λ6 = −{Sy, Sz}, λ8 =
√
3(Sz)2 − 2√
3
I,
where {. . . , . . .} denotes an anticommutator and I is the unit 3×3 matrix. Since the traceless
quadrupole matrix Qik ≡ SiSk+SkSi−(4/3) δik is determined by the above five independent
components,
Qik =


−λ3 − λ
8
√
3
−λ1 −λ4
−λ1 λ3 − λ
8
√
3
−λ6
−λ4 −λ6 2λ
8
√
3


,
we call them the quadrupole operators. These operators can be considered as the components
of a single vector qb = (λ1, λ3, λ4, λ6, λ8). Therefore, if the microscopic constituents of a
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many-body system have a unit spin, then its macroscopic state is described by the eight
parameters originating from the generators of the SU(3) group,
Λa =
∑
p
a†
pαλ
a
αβapβ , a = 1, . . . 8, α, β = x, y, z, (7)
which can be split into the spin and quadrupole operators,
Si =
∑
p
a†
pαS
i
αβapβ (i = x, y, z), Q
b =
∑
p
a†
pαq
b
αβapβ (b = 1, 3, 4, 6, 8). (8)
In the second quantization method a general two-body operator (or binary operator) A(2)
can be represented in the form (see, e.g., [26])
A(2) =
1
4
∑
α1,...α4
a†α1a
†
α2Aα1α2;α3α4aα3aα4 , Aα1α2;α3α4 = 〈α1, α2|A(2)|α3, α4〉. (9)
Therefore, one can write a two-body Hamiltonian describing the interaction of internal
degrees of freedom in a many-body system of spin-1 particles in the following form:
VJ−K =
1
2V
∑
p1,...p4
J(p1 − p3)a†p1αa†p2βSiαγSiβδap3γap4δ δp1+p2,p3+p4
+
1
2V
∑
p1,...p4
K(p1 − p3)a†p1αa†p2βqbαγqbβδap3γap4δ δp1+p2,p3+p4 , (10)
where V is the volume of the system and J(p1−p3), K(p1−p3) are the Fourier transforms
of the corresponding interaction energies. The above Hamiltonian has SU(2) symmetry (see
Eqs. (12), (13) below). However, it becomes SU(3) symmetric when J = K,
VJ =
1
2V
∑
p1,...p4
J(p1 − p3)a†p1αa†p2βλaαγλaβδap3γap4δ δp1+p2,p3+p4 . (11)
Indeed, taking into account the commutation relations for the creation and annihilation
operators as well as the properties of the structure constants fabc (see Eqs. (1), (A4)), one
can show that [VJ ,Λ
a] = 0 and, consequently, Λa is the integral of motion. Thus, the
Hamiltonian given by Eq. (11) is SU(3) invariant. This symmetry, however, is broken if
the Zeeman coupling between the spin and magnetic field is taken into account. The role
of SU(3) symmetry in the dynamics and relaxation of spin-1 magnets is of much current
interest [27–29].
Using Eqs. (A8), (A9), one can show that
1
2
qbαγq
b
βδ = S
i
ασS
i
βρS
k
σγS
k
ρδ +
1
2
SiαγS
i
βδ −
4
3
δαγδβδ (12)
6
or equivalently
1
2
λaαγλ
a
βδ = S
i
αγS
i
βδ + S
i
ασS
i
βρS
k
σγS
k
ρδ −
4
3
δαγδβδ. (13)
Consequently, the appearance of quadrupole degrees of freedom in Eqs. (10), (11) is equiv-
alent to the fact that the Hamiltonian contains both bilinear and biquadratic terms in spin
operators.
Now we address the issue of when it is necessary to take into account the quadrupole
degrees of freedom. To this end, consider a collision of two bosonic atoms of spin s = 1.
For the sake of simplicity, their interaction is assumed to be parametrized by three coupling
constants gS (for a while, they are not related to s-wave scattering lengths) in the total spin
S channel, V = g0P0 + g1P1 + g2P2. Here PS (PSPS ′ = δSS ′, P 2S = PS) is the projection
operator which projects the wave function of a pair of atoms into a total spin S state. The
relation S1 · S2 =
∑2
S=0 λSPS with λS =
1
2
[S(S + 1)− 2s(s+ 1)] gives
S1 · S2 = −2P0 − P1 + P2,
(S1 · S2)2 = P2 + P1 + 4P0
Adding here the completeness condition for the projection operator, P0 + P1 + P2 = 1, one
obtains the the system of coupled equations for determining PS . Its solution reads
P0 =
1
3
[
(S1 · S2)2 − 1
]
,
P1 = 1− 1
2
[
(S1 · S2) + (S1 · S2)2
]
,
P2 =
1
3
+
1
2
(S1 · S2) + 1
6
(S1 · S2)2.
Now the interaction takes the form
V = c0 + c1(S1 · S2) + c2(S1 · S2)2, (14)
where
c0 = g1 +
1
3
(g2 − g0) , c1 = 1
2
(g2 − g1) , c2 = 1
3
(
g0 − 3g1
2
+
g2
2
)
.
Therefore, in general case of three channel scattering with total spin S = 0, 1, 2, it is
necessary to take into account the biquadratic term (S1 ·S2)2 in the interaction Hamiltonian.
According to Eqs. (12), (13), this is equivalent to the fact that the Hamiltonian contains
the quadrupole degrees of freedom.
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However, if the interaction is parametrized by the scattering lengths aS corresponding
to s-state of the relative motion, so that gS = 4π~2aS/m (m is the mass of the atom),
then the scattering with the total spin S = 1 is forbidden due to requirement for the wave
function to be symmetric under exchange of two atoms. In this case, the projection operator
into a state of total angular momentum S = 1 is zero, P1 = 0, which leads to the relation
(S1 ·S2)2 = 2−S1 ·S2. The latter allows us to write Eq. (14) in the form, V = c˜0+ c˜2S1 ·S2,
where c˜0 =
1
3
(g0 +2g2) and c˜2 =
1
3
(g2− g0) [21]. Thus, the description of interacting system
by the scattering lengths does not require to take into account the biquadratic terms in spin
operators or quadrupole degrees of freedom. For this reason, in order to study the effects
of quadrupole degrees of freedom in ultracold gases, we consider the general interaction
Hamiltonians (see Eqs. (10), (11)). In this regard, we note that in spite of the fact that the
interaction effects in ultracold gases are fairly well approximated by the scattering lengths,
this approximation is not so ”harmless” (see Refs. [30–34] and the discussion below).
The structure of the SU(3) symmetric Hamiltonian can also be justified within a phe-
nomenological quasiparticle theory, where the energy of the system is considered to be a func-
tional of the single-particle density matrix, like in the normal Fermi-liquid theory [35, 36].
For a not dense system, one can restrict ourselves by the energy functional quadratic in
the single-particle density matrix [37]. In the case of spin-1 system, the phenomenological
interaction amplitude, being the second variational derivative of the energy functional, has
four indices associated with internal symmetry which are summed over with those of single-
particle density matrices. It is clear that the interaction part of this functional should be
related to the general form of the pair interaction microscopic Hamiltonian (see Eq. (11)).
This relation is given by statistical averaging of the latter and using the Bloch–De Domini-
cis (or Wick’s) theorem [38]. Then, decomposing the interaction amplitude in the energy
functional over the complete set of three-row Gell-Mann matrices with respect to each pair
of indices and requiring it to commute with all generators of the SU(3) group, one can arrive
at the interaction structure in the form of Eq. (11).
Finally, note that the formalism of the SU(3) Lie algebra was earlier involved to study the
spin-1 lattice models whose Hamiltonians are constructed of the group generators related
to spin and quadrupole operators [9, 39, 40]. In contrast to the above studies dealing with
lattice models, the proposed approach allows to treat a homogeneous (or trapped) quantum
gas of spin-1 atoms. In particular, the Hamiltonian in the form of Eq. (11) is applied
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below to examine the ground state structure and corresponding excitations of a weakly
interacting gas of spin-1 atoms taking into account the quadrupole degrees of freedom. In
previous studies [19–21], such a problem was analyzed on the basis of the Hamiltonian with
bilinear spin interaction not including quadrupole operators. As for the lattice models, the
Hamiltonians in the form of Eqs. (10), (11) can be used to derive the appropriate Bose-
Habbard Hamiltonian describing the properties of an ultracold dilute gas of bosonic spin-1
atoms in optical lattice [41]. Such spinor gases in optical lattices provide a novel realization
of quantum magnetic systems [15, 16, 42].
III. TRUNCATED HAMILTONIAN FOR A WEAKLY INTERACTING BOSE
GAS WITH INTERNAL DEGREES OF FREEDOM
As we noted, ultracold quantum gases provide a powerful tool to study various effects
and phenomena in quantum many-body systems. Therefore, we apply the obtained SU(3)
symmetric interaction Hamiltonian in the form of Eq. (11) to study the ground state struc-
ture and single-particle excitations of a weakly interacting Bose gas of spin-1 atoms with
Bose-Einstein condensate. This Hamiltonian follows from a more general Hamiltonian given
by Eq. (10) when J = K. This can be achieved, e.g., by means of a Feshbach resonance.
The role of SU(3) symmetry in the dynamics and relaxation of spin-1 magnets is of much
current interest [27–29].
In our study, we employ the Bogoliubov model [43] based on c-number treatment of cre-
ation and annihilation operators for condensate particles. Our starting point is the following
Hamiltonian consisting of the kinetic energy term H0 and the terms corresponding to the
potential interaction VU as well as the interaction between the internal degrees of freedom
VJ :
H = H0 + VU + VJ , (15)
where
H0 =
∑
p
a†
pα
[
εpδαβ − hSzαβ
]
apβ , S
z
αβ ≡ λ2αβ , (16)
VU =
1
2V
∑
p1,...p4
U(p1 − p3)a†p1αa†p2βap3αap4β δp1+p2,p3+p4 , (17)
and VJ is given by Eq. (11). Here εp = p
2/2m is the kinetic energy of a particle, U(p) is the
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Fourier transform for the potential interaction energy, and h = gµBH , where g, µB, and H
are the Lande´ hyperfine factor [23], the Bohr magneton, and external magnetic field directed
along z-axis, respectively. Note that usually the interaction Hamiltonian is written in terms
of the corresponding scattering lengths describing the low energy collisions of atoms at ultra
low temperature [19, 21, 23, 24]. However, such parametrization of interaction does not
take into account the quadrupole degrees of freedom and local character of interaction. The
latter results in divergences when computing the ground state energy or chemical potential
so that it is necessary to use the renormalization of the coupling constant [44–46]. Moreover,
as we see below, it may lead to an incomplete structure of the spectrum of single-particle
excitations. Therefore, the interaction given by Eqs. (11), (17) is characterized by the
corresponding functions U(p) and J(p).
Since the number of Bose condensed atoms is a macroscopic value proportional to the
volume of the system V , the next step, according to the Bogoliubov model [43], is to replace
the creation and annihilation operators of condensed atoms with zero momentum by c-
numbers a†0 →
√
V Ψ∗α and a0 →
√
V Ψα in all operators of relevant physical quantities,
where Ψα represents the condensate wave function. This procedure has been proved to
be exact in the thermodynamic limit [47]. The c-number terms in the Hamiltonian and
those that are quadratic in creation and annihilation operators allow us to define the ground
state and the corresponding spectra of single-particle excitations (quasiparticles), whereas
the higher order terms in creation and annihilation operators are relevant when describing
the interaction effects between the quasiparticles themselves. Therefore, performing the
above replacement in Eqs. (15)-(17) with Ψα being a variational parameter and neglecting
the terms of the third and fourth order, one can obtain the Hamiltonian truncated up to
quadratic terms in the creation and annihilation operators:
H(Ψ) ≃ H(0)(Ψ) +H(2)(Ψ), (18)
where H(0)(Ψ) is the c-number part of the truncated Hamiltonian given by
1
V
H(0)(Ψ) =
U(0)
2
(Ψ∗Ψ)2 +
J(0)
2
(Ψ∗λaΨ)2 − h(Ψ∗λ2Ψ), λ2 ≡ Sz. (19)
The quadratic part reads
H(2)(Ψ) = H
(2)
0 (Ψ) + V
(2)
U (Ψ) + V
(2)
J (Ψ), (20)
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where H
(2)
0 (Ψ) does not include the interatomic interactions,
H
(2)
0 (Ψ) =
∑
p6=0
εp(a
†
p
ap)− h
∑
p6=0
(a†
p
λ2ap). (21)
Two other terms describing the interatomic interaction have the form
V
(2)
U (Ψ) = U(0)
∑
p6=0
(Ψ∗Ψ)(a†
p
ap) +
1
2
∑
p6=0
U(p)
[
(a†
p
Ψ)(Ψ∗ap) + (a
†
p
Ψ)(a†−pΨ) + h.c.
]
(22)
and
V
(2)
J (Ψ) = J(0)
∑
p6=0
(Ψ∗λaΨ)(a†
p
λaap)
+
1
2
∑
p6=0
J(p)
[
(a†
p
λaΨ)(Ψ∗λaap) + (a
†
p
λaΨ)(a†−pλ
aΨ) + h.c.
]
, (23)
where we use the following notations (Ψ∗Ψ) ≡ Ψ∗αΨα, (a†pap) ≡ a†pαapα, (Ψ∗λaΨ) ≡
Ψ∗αλ
a
αβΨβ, and so on, assuming matrix multiplication. Note that the replacement of cre-
ation and annihilation operators by c-numbers implies the gauge symmetry breaking and
leads to non-conservation of the total number of atoms. Therefore, the problem should be
considered in the grand canonical ensemble, where the chemical potential µ, being a La-
grange multiplier, reflects the conservation of the total number of atoms N =
∑
p
(a†
p
ap).
The corresponding Gibbs statistical operator for the above truncated Hamiltonian reads
w(Ψ) ≃ exp [Ω− β (H (0)(Ψ) + H (2)(Ψ))] ,
where
H
(0)(Ψ) = H(0)(Ψ)− µV (Ψ∗Ψ) ,
H
(2)(Ψ) = H(2)(Ψ)− µ
∑
p6=0
(
a†
p
ap
)
. (24)
The grand thermodynamic potential Ω as a function of reciprocal temperature β = 1/T ,
chemical potential µ, and variational parameter Ψα is found from the normalization condition
Trw(Ψ) = 1,
Ω = βH (0)(Ψ)− ln Tr [exp(−βH (2)(Ψ))] ,
where the trace is taken in the space of occupation numbers of bosons with p 6= 0. In
the standard Bogoliubov approach, the relation between the condensate wave function and
11
chemical potential is determined by the c-number part of thermodynamic potential assuming
that it represents the leading term,
ω(0) =
U(0)
2
(Ψ∗Ψ)2 +
J(0)
2
(Ψ∗λaΨ)2 − h(Ψ∗λ2Ψ)− µ(Ψ∗Ψ), (25)
where we introduced the density of thermodynamic potential ω = Ω/βV employed when
studying macroscopic dynamics of superfluid systems, both classical and relativistic [48, 49].
Up to a sign, it coincides with the pressure P , ω = −P . The variation of Eq. (25) over Ψ∗α
yields
µΨα − U(0)(Ψ∗Ψ)Ψα − J(0)(Ψ∗λaΨ)λaαβΨβ + hλ2αβΨβ = 0 (26)
(we do not write the complex conjugate equation). This equation ensures the minimum of
thermodynamic potential and gives a relation between the chemical potential and conden-
sate wave function. The contribution of the quadratic terms in creation and annihilation
operators to Eqs. (25), (26) is examined in Refs. [30, 50] for spinless atoms.
IV. THE GROUND STATE STRUCTURE AND EXCITATIONS
Now we use the obtained equations to study the ground state properties and correspond-
ing single-particle excitations of a weakly interacting Bose gas of spin-1 atoms. In order to
introduce the condensate density n0, consider the normalized state vector ζα,
Ψα =
√
n0ζα, ζ
∗
αζα ≡ (ζ∗ζ) = 1. (27)
Ferromagnetic state. In the Cartesian basis, the ferromagnetic ordering is specified by
the state vector of the form [19]:
ζ =
1√
2
(1, i, 0). (28)
As shown, the description of a many-body system of spin-1 constituents requires the in-
troduction of additional parameters along with the ordinary magnetization vector. These
parameters are determined by Eqs. (7), (8). In the problem under consideration, the above
ferromagnetic state vector generates the ordinary magnetization along z–direction,
〈Si〉 = (Ψ∗SiΨ) = n0δiz, Si = (Sx ≡ λ7, Sy ≡ −λ5, Sz ≡ λ2) (29)
and one more parameter associated with quadrupole degrees of freedom,
〈Qb〉 = (Ψ∗qbΨ) = n0√
3
δb8. (30)
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The quadrupole tensor for the ferromagnetic state becomes
〈Qik〉 = (Ψ∗QikΨ) = n0

 −1/3 0 00 −1/3 0
0 0 2/3

 . (31)
Since 〈Qxx〉 = 〈Qyy〉, the order parameter ζ is invariant with respect to rotations about
z-axis, as it should be in the ferromagnetic state. Next, multiplying Eq. (26) by Ψ∗α and
performing the summation over α, one can obtain the relation between the chemical potential
and condensate density for the above state vector ζ :
µ = n0
(
U(0) +
4
3
J(0)
)
− h. (32)
In a similar manner, the thermodynamic potential density determined by Eq. (25) is written
as
ω(0) =
n20
2
(
U(0) +
4
3
J(0)
)
− n0(h+ µ),
or eliminating the condensate density by using Eq. (32), one finds
ω(0) = −1
2
(µ+ h)2
U(0) + (4/3)J(0)
. (33)
In order for the equilibrium state to be stable, the thermodynamic potential density ω(0)
must be negative (the pressure is positive) that implies U(0) + (4/3)J(0) > 0.
Having defined the ferromagnetic ground state structure, we now address the issue
of single-particle excitations. To obtain the corresponding spectra, let us return to the
quadratic Hamiltonian given by Eqs. (20)-(23), (24). Eliminating the chemical potential
by using Eq. (32) and taking into account the explicit form of the ground state vector and
Gell-Mann matrices λa (see Eqs. (27), (28), (A1)), it is reduced to
H
(2)(n0) = H
(2)
1 (n0) + H
(2)
2 (n0), (34)
where
H
(2)
1 (n0) =
∑
p6=0
[εp + h+ 2n0J(p)− 2n0J(0)] a†pzapz, (35)
and
H
(2)
2 (n0) =
∑
p6=0
a†
pαAαβ(p)apβ+
1
2
∑
p6=0
a†
pαBαβ(p)a
†
−pβ+
1
2
∑
p6=0
apαB
∗
αβ(p)a
†
−pβ, α, β = x, y.
(36)
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The coefficients Aαβ(p) and Bαβ(p) form the Hermitian A = A
† and symmetric B = BT
matrices, respectively,
A =
(
A(p) iA (p)
−iA (p) A(p)
)
, B =
(
B(p) iB(p)
iB(p) −B(p)
)
(37)
with the following matrix elements:
A(p) = εp +
1
2
n0U(p) +
5
3
n0J(p)− n0J(0) + h,
A (p) = −1
2
n0U(p) +
1
3
n0J(p)− n0J(0) + h,
B(p) =
1
2
n0U(p) +
2
3
n0J(p). (38)
The first part H
(2)
1 (n0) of the total quadratic Hamiltonian has already diagonal form with
the following spectrum of single-particle excitations (see Eqs. (34), (35)):
ωpz = εp + h+ 2n0 [J(p)− J(0)] , (39)
while H
(2)
2 (n0) should be diagonalized in creation and annihilation operators. Note that
since H
(2)
2 (n0) commutes with H
(2)
1 (n0), it can be diagonalized independently. To this end,
we apply the Bogoliubov canonical transformation method which allows to reduce the general
Hermitian quadratic form in bosonic operators to a diagonal structure [38]. Therefore, let
us introduce the unitary operator U mixing up apλ and a
†
p−λ:
UapαU
† =
∑
λ=x,y
[
uαλ(p)apλ + v
∗
αλ(p)a
†
−pλ
]
,
Ua†
pαU
† =
∑
λ=x,y
[
u∗αλ(p)a
†
pλ + vαλ(p)a−pλ
]
(40)
and transforming H
(2)
2 (n0) to the diagonal form
UH
(2)
2 (n0)U
† =
∑
p6=0
∑
λ=x,y
ωpλa
†
pλapλ + E0, (41)
where ωpλ are the spectra of single-particle excitations and E0 redefines the vacuum energy or
the ground state thermodynamic potential. The creation and annihilation operators Ua†
pαU
†
and UapαU
† given by Eqs. (40) must satisfy the same bosonic commutation relations as
the operators apα and a
†
pα. This requirement results in the following normalization and
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orthogonality conditions for the functions uαλ(p) and vαλ(p):
∑
λ=x,y
[
uαλ(p)u
∗
βλ(p)− v∗αλ(p)vβλ(p)
]
= δαβ ,
∑
λ=x,y
[
uαλ(p)v
∗
βλ(p)− v∗αλ(p)uβλ(p)
]
= 0.
Note that u(p) and v(p) are constructed of the same quantities as the matrices A and B
and, therefore, they can be considered as even functions of momentum. The energies of
single-particle excitations (or quasiparticles) ωpλ satisfy the following eigenvalue equations
[38]:
∑
λ=x,y
[Aαλ(p)uλγ(p) +Bαλ(p)vλγ(p)] = ωpγuαγ(p),
∑
λ=x,y
[A∗αλ(p)vλγ(p) +B
∗
αλ(p)uλγ(p)] = −ωpγvαγ(p).
This system of homogeneous liner equations has non-zero solution when the corresponding
determinant turns to zero. Therefore, taking into account Eqs. (37), (38), one finds the
equation for ωpx:
(A2 − 4B2 − 2AA + A 2 − ω2
px)((A+ A )
2 − ω2
px) = 0,
which gives two different excitation spectra,
ω(1)
px = εp + 2h + 2n0(J(p)− J(0)) = ωpz + h (42)
and
ω(2)
px =
[
ε2
p
+ 2εp
(
n0U(p) +
4
3
n0J(p)
)]1/2
. (43)
Note that ωpy satisfies exactly the same equation as ωpx and, consequently, the corresponding
spectra are identical or degenerate [19]. Therefore, the ferromagnetic phase of a weakly
interacting Bose gas with condensate is characterized by three types of excitations with the
dispersion laws given by Eqs. (39), (42), (43) and any of ωpx can be related to operators
a†
py, apy in the Hamiltonian determined by Eq. (41) (if we take ω
(1)
px as ωpy, then we have to
take ω
(2)
px as ωpx and vice versa) .
The spectrum given by Eq. (43) is independent of magnetic field and represents the
gapless Bogoliubov mode modified by the interaction of internal degrees of freedom. At
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small momenta, it represents the phonon excitations,
ω(II)
px ≈ cp, c =
[
n0
m
(
U(0) +
4
3
J(0)
)]1/2
,
where c is a speed of sound. The requirement for the speed of sound to be real leads to the
stability condition U(0) + (4/3)J(0) > 0 obtained above.
Two other spectra ωpz and ω
(1)
px describe the excitations related to the internal degrees
of freedom or ”spin-quadrupole” waves. When the applied magnetic field is zero (h = 0),
both spectra become identical so that the system is described by two types of single-particle
excitations. Note that the quadratic form determined by Eqs. (36), (41) must be positive
definite. This requirement implies J(p)−J(0) > 0 at any momentum p. It is worth stressing
that in contrast to the previous studies of spin-1 Bose-Einstein condensates [19, 21, 23, 24],
both spectra depend on the interaction parameter that is absolutely clear for the system of
interacting atoms. This is due to the fact that we do not parametrize the interaction by the
corresponding scattering lengths. Indeed, in doing so, J(p) = J(0) = 4π~2a/m, where a
is the scattering length and the spectra become independent of the interaction parameters.
Therefore, the description of the interaction effects in ultracold gases by the scattering
length represents a sufficiently rough approximation that does not take into account the
local character of interaction. The role of nonlocal interaction was recently discussed for
ultracold Bose [30, 31] and Fermi [32–34] gases.
If the interaction Hamiltonian is SU(2) symmetric, so that it is bilinear in spin operators
Si and does not include the quadrupole operators, then the ferromagnetic state of spin-1
condensate is characterized by the following spectra of single-particle excitations [20, 51]:
ω(1)
p
= εp − 2J(0)n+ 2h,
ω(2)
p
= εp + n0(J(p)− J(0)) + h,
ω(3)
p
=
[
ε2
p
+ 2εpn0 (U(p) + J(p))
]1/2
,
which are in agreement with other studies [19, 21, 23] if the interaction is taken to be of the
contact type,
U(p) = U(0) =
g0 + 2g2
3
, J(p) = J(0) =
g2 − g0
3
,
with g0 and g2 being related to the s-wave scattering lengths of the total spin-1 channel [23].
Therefore, the extension of the Hamiltonian to SU(3) symmetry leads to the appearance
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of new description parameters (along with the magnetization vector; see Eqs. (29)-(31))
and changes the ground state and single-particle excitation spectra of ferromagnetic Bose-
Einstein condensate.
Quadrupolar phase. Equation (26), which ensures the minimum of thermodynamic
potential, admits one more solution (Ψα =
√
n0ζa)
ζ = (0, 0, 1), ζ∗αζα ≡ (ζ∗ζ) = 1. (44)
In this case the relation between the condensate density and chemical potential as well as
the density of thermodynamic potential are independent of the magnetic field,
µ = n0
(
U(0) +
4
3
J(0)
)
(45)
and
ω(0) = −1
2
µ2
U(0) + (4/3)J(0)
, U(0) + (4/3)J(0) > 0. (46)
The above state vector generates the zero magnetization,
〈Si〉 = (Ψ∗SiΨ) = 0, Si = (Sx ≡ λ7, Sy ≡ −λ5, Sz ≡ λ2)
However, at the same time, it breaks the spin-rotation symmetry,
〈(Sz)2〉 = 0, 〈(Sx)2〉 = 〈(Sy)2〉 = 1 (47)
showing that the spin vector fluctuates in the x− y plane. Therefore, according to Eq. (47)
the quadrupolar state is specified by the following tensor order parameter:
〈Qik〉 = 2
3
δik − 2eiek, e = (0, 0,±1),
where the unit vector e = (0, 0,±1) or the so-called director is perpendicular to the plane of
fluctuations [10]. The magnetization of this phase is zero. Next, performing the procedure
of diagonalizing the corresponding quadratic Hamiltonian and employing Eqs. (44), (45), we
obtain the following three branches of the single-particle spectrum:
ωpx = εp + 2n0(J(p)− J(0)) + h,
ωpy = εp + 2n0(J(p)− J(0))− h,
ωpz =
[
ε2
p
+ 2εp
(
n0U(p) +
4
3
n0J(p)
)]1/2
. (48)
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The comparison of Eqs. (33), (45) for thermodynamic potentials of ferromagnetic and
quadrupolar phases allows us to conclude that the ferromagnetic phase is thermodynam-
ically favourable.
Finally, it is worth noting that for SU(2) symmetric Hamiltonian with competing spin
and quadrupole isotropic interactions given by Eq. (10), the phase diagram should exhibit a
more rich structure at T = 0. This Hamiltonian also affects the ground state thermodynamic
potential, relations between the chemical potential and condensate density as well as the
single-particle excitation spectra. This case deserves a separate study and lies in the field
of our present interest.
V. CONCLUSION
We have proposed a general approach for describing a many-body system of interacting
spin-1 atoms. It was shown that the atomic spin induces the additional description param-
eters related to the quadrupole degrees of freedom along with the ordinary magnetization
vector. From the symmetry considerations, we found the many-body Hamiltonians of dif-
ferent symmetries describing the interaction of internal degrees of freedom. They include
eight generators of the SU(3) group, among which there are three spin and five quadrupole
operators. The SU(3) symmetric Hamiltonian was applied to study the ferromagnetic and
quadrupolar phases of a weakly interacting Bose gas of spin-1 atoms with Bose-Einstein con-
densate. It was shown that the ferromagnetic state is thermodynamically favourable and its
thermodynamic characteristics such as pressure, speed of sound, single-particle excitations
are modified in comparison with those obtained from the usually employed Hamiltonian with
bilinear term in spin operators. It was argued that the quadrupole degrees of freedom should
be taken into account for nonlocal potentials (when parametrizing the interaction by the
scattering lengths, they are inessential). Moreover, we showed that the parametrization of
interaction by the scattering length may result in incomplete structure of the single-particle
excitation spectra. It would be interesting to study a more rich phase diagram based on
the Hamiltonian with competing spin and quadrupole isotropic interactions (see Eq. (10)).
This problem lies in the field of our current interest. Finally, the studied Hamiltonians can
be easily generalized to spin-S systems by considering the generators T a of the SU(n) group
18
with n = 2S + 1.
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Appendix A: The properties of Gell-Mann matrices
The Gell-Mann matrices, being the generators of the SU(3) group, are defined as follows:
λ1 =

 0 1 01 0 0
0 0 0

 , λ2 =

 0 −i 0i 0 0
0 0 0

 , λ3 =

 1 0 00 −1 0
0 0 0

 , λ4 =

 0 0 10 0 0
1 0 0

 ,
λ5 =

 0 0 −i0 0 0
i 0 0

 , λ6 =

 0 0 00 0 1
0 1 0

 , λ7 =

 0 0 00 0 −i
0 i 0

 , λ8 = 1√
3

 1 0 00 1 0
0 0 −2

 .
(A1)
They have the following property:
Spλaλb = 2δab (A2)
and satisfy the commutation relations,
[λa, λb] = 2ifabcλc. (A3)
The structure constants fabc of the SU(3) group, according to Eq. (A2), are found to be
fabc = − i
4
Spλc[λa, λb],
whence
fabc = −f bac = f bca. (A4)
One can easily find the numerical values of the structure constants,
f 123 = 1, f 147 = −f156 = f 246 = f 257 = f 345 = −f 367 = 1
2
, f 456 = f 678 =
√
3
2
. (A5)
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All other numerical values of fabc not related to the indicated above by permutation are
zero. The anticommutator of the Gell-Mann matrices, as well as the commutator, is linear
in λa:
{λa, λb} = 4
3
δab + 2d
abcλc. (A6)
The coefficients dabc, symmetric over all indices, are given by
dabc =
1
4
Spλc{λa, λb}.
The following their values are different from zero:
d118 = d228 = d338 = −d888 = 1√
3
,
d146 = d157 = d256 = d344 = d355 = −d247 = −d366 = −d377 = 1
2
,
d448 = d558 = d668 = d778 = − 1
2
√
3
. (A7)
Finally, the squares of spin components Sx ≡ λ7, Sy ≡ −λ5, Sz ≡ λ2 can be easily expressed
in terms of the Gell-Mann matrices,
(Sx)2 =
1
2
(
−λ3 − 1√
3
λ8 +
4
3
)
,
(Sy)2 =
1
2
(
λ3 − 1√
3
λ8 +
4
3
)
, (Sz)2 =
1
3
(√
3λ8 + 2
)
, (A8)
For the mixed products of components, we have
SxSy = −1
2
(
λ1 − iλ2) , SySx = −1
2
(
λ1 + iλ2
)
,
SxSz = −1
2
(
λ4 − iλ5) , SzSx = −1
2
(
λ4 + iλ5
)
,
SySz = −1
2
(
λ6 − iλ7) , SzSy = −1
2
(
λ6 + iλ7
)
. (A9)
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